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Abstract

At each periodic review, the quantity ordered is multiple of Q, nQ and the reorder level is R, The backorder cost Cy(t) is bl e b2 t. The
expected backorder cost is derived by obtaining the difference between the expected backorder cost at time t+l and t+I+T.

In this paper demand is assumed to follow a normal distribution.

Some basic mathematics of the properties of a normal distribution is introduced to simplify the derivation of the equations.

The first order derivatives of the backorder costs are given..

Introduction
In this paper the cost depends upon the length of time for which the backorder exists and is taken as an exponential function. backorders

that are not met on time incur various types of costs, which could be linear, quadratic, exponential or any other function of the time
orders are not met.
Organizations that store thousands of products could face serve inventory costs, when the backorder cost is an exponential function.

Literature Review

The simple models of economic backorder inventory control model (nQ,R,T) model for linear backorder were extensively dealt with by
Hadley and Whitin.

(Ref 1)

Uthayakumar and Parrathi (2009) investigates a continuous review inventory model to reduce lead time, yield variability and set up
costs simultaneously, through capital investments.

The backorder rate is depending on the lead time and the amount of shortage.

Zhang G.U and Dathwo (2003) develops a hybrid inventory system with a time limit in backorders.
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We derive expected backorder costs where the cost of backorder is

Ca(t) = eb2t b, >0

When t is the length of time of a backorder

o2z is the variance of demand over a period Z

If the inventory position of the system immediately after the review at time t, is
R +Y, the expected backorder cost at time t, is

=<0 fyD], “B“ Z) (’”JY_D) dzdtdy (1)
Slmllarly the expected backorder costs at time t+L+T
=LID D 2 (’”JY_D) dzdedy @)
CB(L —z) = be?2@=2  p, >0 (3)
Let Gy (Q.RL) =2 [7D [y D ;2 (RDE’Z) dzdtdY @)
Substitute for Cz(t — 2) in (4)
We have

b b z
Gi(QRL) =2 [2 [ D [y erlet=o) (“fg—”z) dzdtdY (5)
Let G,(R+VY,L) = J_f by esp(b,(t — 2)g (R:r/Y_DZ) dzdtdY
_o?bal_
— byel? exp (cr brl _ (R+Y)) F (R+Y al;L DL) ©)
Let G3(Q,R) = fo biesp (R + Y, T)dY )
Substitute for G,
o2 R4y-Tb2l_py
G3(Q,R) = byesp (b,L) [ exp (T2 — b, ©220) F( 2 )dY @)
azsz
_ R+Y—T—DL
Letv = o 9
Then
-z sz -oL) oL b o2Lb
G3(Q,R) = Vo2Lb e2" f(< 02sz oL >) %azbzzL exp — f(\/{?LV + Tz + DL) F(v)dv
D \/m

Simplifying we have
G3 (Q' R)
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obyL
R+Q-22-pL) V2L b J—L
= b;Vo2L ex osz( ex 2 vF(V)dv
p f( O—szL DL)/\/_ p ( )
Integrating by parts we have
(R+Q gbal DL)
- sz sz_L
G3(Q,R) = byVa?L exp —\/ Lexp—— VF(V) zsz L)
m
— —g2 2], _ 2
Dbliexp - bzsz( D )/\/a xp[ b,V a2l _V_] dv
b, 2w 2D (R a%baL DL)N,,T D 2
Nothing that
—0%byL  bpVyoiL V?
2D2 D 2
__1( byv a?byL
1y 4 ot )
—2
= __1<V + bz O-ZL)
2 D
(R+Q gbal DL)

— a2
Then G50, R) = =22 [exp [0zt = 2L v | P )| 7

by 2D D (R_bzg L—DL)v\/E
T e NN Vo’
v Ja o2b31/D-b1) exp _E(V +b = ) dv

m

Let x = v 4222t 5 and substitute into integral

B 2 R+Q ——DL)/\/O'ZL
Then G,(0, R) = “222 [exp — (S22E + 2242 )F(v)] o

by 2b - —DL)/\/UTL
R+Q -DL
—Dby Jo2L _ ﬁ
TR e
o L

Integrating we have

o sz / 27
R+Q DL)/ ’ —Db1[ ( )](R+Q—DL)/\/0'2L

_ —Db, _ Uzsz sz\/ )
G3(Ql R) - eXp < esp zsz_DL)/\/E b, (R—DL)/\/E

2D2

F(V)]

Expanding
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02Lb2

Db b 2Lb R- -DL 2p,L
G3(Q,R) = b—:[exp - ( 2D? )exp;z(R -= D : - DL)F( «/I;ZL ) - (tTZD2
0’2b2L
R+Q- —DL
o)) (75

__ Dby R-DL) R+Q-DL

b, (F(JFL) (e ))

Integrating

G1 (Q, R, L) with respect to Q and substituting for G3(Q, R) in equation (5)

D (Lby byR o2th? R——"Zﬁzt-m R-Dt
G(QR L) T, exp_(T_b“t_ 2p? )F o2t _F( O'Zt') dt
p (kb b2 (R+Q) b o2tb? F R+Q—"2;b2—m F(Be=Dt) | 4
— fOE GXP_( D - zt— 2DZ) \/E — (\/E) t

Let

L by baR a?th? R—%—Dt R-Dt
G(RL) = [[ 2 exp—(T—bzt— = )F - —F(m) dt
Thus

G1(Q,R, L) = (G4(R,L) = Go(R + Q,1))/Q
Rearranging the exponential terms of equation (12)

szzt
Lb 2p2 byR
Go(R,L) = D [} 7 exp [t"ZD; + bz) — F<R -7~ Dt) dt

Integrating by parts
1 b, 2D? o2 byR R——”Zgbz—ur t
56 R 1) = 5 (aggeoms;) e (G +02) =57) P\~ )|
_b_l L L Uzbg _bz_R

2b; (02b2+2D2b2) fo exp (t(ZDZ + bz) D )

1 R‘szzf th D2402b R i -
_” o — 0°by by -

P 2( Vot ) (o + g ae -2l r (73 0
Nothing that

(2 4 b,) — R (-t )’

D 202t

+2(R+Q-

(10)

(11)

(12)

(13)

(15a)

O’szL

D
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2
2 242y — _1(R-Dt
2 (R? = 2DRe + D?¢%) = =3 (")

22t

Hence simplifying

L
a bzt
2D? 02b3+2D%by\ _ byR . [ R— -Dt
_G“(R L= (a2b2+2D2b ) [expt( 2D? ) D F< \/E )L

by 2D? L (D?+0%b, R R-Dt)2 b1 . (R-Dt
_b_2(02b§+2D2b2) X ( ovoze T 20t3/2) 2 &P _<\/E) dt =1 F (J_) dt
BASIC MATHEMATICS
The basic mathematics equations are well developed in Hadley and Whitin Ref (1)

Let Z,(x,T) = [ t" g(x, Dt)dt
And R, (x,T) = [ t" F(x,Dt)dt
Znpa (0, T) = [ t™*1 g(x, D)dt

_ 20%T™1 1(x-pt\®  o%(2n+1)
henceZ, 1 (x,T) = —Dzmex _E(ﬁ) —pr Z n(, T) + Z(x T)
Hence
Z,(x,T) = l"'—Dt2+ﬁZ( T+ % 7(x,T)
e DzW 2\Joze) T pzaol )Tz

Hence “- Z_,(x, T) = Z,(x, T) + —2%T -1 X_th—J—ZZ( T)
pz4-1\%, 1, sz/mexp 2\ Vo2t pz 2ol

Zy(x,T) = [ W 1(%) dt
~ 7 (e -2 (52

Integrating by parts and applying

d(exp_1<x—_m)2 2
2\Jo2t) _ (x-Dt D (x-Dt) 1 (x-Dt
dt - (x/azt) (E + 20t3/2) exp — ;( Uzt)
1 21T
| 23 _ 1 (x-Dt o (T_t; ((x=D)D | (x-Dt)?
Zo(x,T) = [\/Znaz exp Z(Vazt) L Zfo 271:0'2( o2t + 2022 )
2
1(x-Dt
L
Simplifying

(15b)

(16)

A7)
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2 2
_2t] 1 (x-Dt D? 1 (x-Dt
Zo(x,T) = —exp - 5<_JE) L += fo —e E<—th) dt
x (T t=3/, . l(x—Dt)z dt

270 Znaze 2 \Jo2t
2
Let Z,(x,T) = fOT\/Z:TTexp —%(T/;_[;Z) dt (18)
Zy(x,T) = [ g (x, Dt)dt
1 x—Dt 2Dx x+Dt
=5 () e (57 (72) (9

Hence differentiating with respect to x
2 2
8Zo(xT) _ _ _1(x-DT\" 2D 2Dx x+DT _1(x-DT
ox exp 2 (1/0‘2'[') a? €xXp ( a? )F (‘/Uz ) Y oTeorr DV 2mo2T 2 ( G'ZT)
Hence substituting into Zy(x,T) and 0Z,(x, T) and simplifying we have

v 1(x-pT\? o2 D -DT 1 o2 2D b
6 =T e~ () + 5+ R)F () 5 (- Dew TR () @

Hence substltutlng Zy (x,T)into Zy (x,T)

2tl A -1 (x-pt\?
Zo(x,T) = *e P — (—m) L +§f0 — expT(—azt) dt
Nothing that
2
0Zy(x,T) —_1 x-Dt —1(x-Dt
=l () e ()
Hence substltutlng into Zo (x, T) and simplifying

T

1
DxZy(x,T) 2t2 1 (x-Dt
Zo(x,T)— Zl(x T) + x0 0(x T) — i+ ﬁexp—;(x?m)]
0

Hence

1 51"

_ a2 2t2 1 (x-Dt % Zo(xT)
Zl(x,T)—E —Wexp—g< a%) (1+ )Zo(x T)— 0=
0
R, (x,T) is defined as
R,(e,T) = [T en F(222) e N=10,1,2 e s (21)
0 Jo?T

Solving (21) by integrating by parts
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_ ™ (x-Dt I D (x—Dt)) _l(x—Dt)
RaleT) =50 (2 ‘)] T i (7 ) e -3 () @
Hence substituting in Z,,,, (x, T)and Z,,(x, T)we have (22)

T (x-DT D _
R,(x,T) = ﬁF(Jﬁ) e 2y (0 T) = 5 2, (1, T) n=0,1,... 22)
Thus Ry(x,T) = TF (’;i:) EZ1 (6, T) =32y (x, T) (23)

Substituting for
Zy(x,T), from 19 and Z,(x,T)from (20) and Ry(x,T)from (23)in G,(x, T)in (15)

We have
t(62bp-D?)
1 by(_ 20% 02ba+20%by\ _ baR (X5 ——
G4(x )= by (02b2+202b2x'T) exp( 2D2 ) D F( Jozt )]
0

_ by 2D D2+z12b2
r: Gorrezom) (52
x-DT 2Dx DT by 2D? x-DT 2Dx ., (x-DT
[F (\/O'ZT) te p z F (\/ T) 2b, (02b2+202b2) (F (‘/JZT) +esp 71: ( JZT))

by x o? x-DT 20°%T 1 (x-DT o? 2Dx ., (x-DT
" b, ((T o z?) F ( a2T) N Vo P T 5( aZT) TP F <\/02T)) (24)

Rearranging terms

Uzbz
1 2by D2 ( 2b§+202b2) _ bx X—(—D +D)
D Gy(x, T) = 02b3+2D2b2 exp T 2D2 exp -5 F Jo2t
by (x-DT [_ ( 2D? ) (D +02b2) _ l( 2D? ) _ (T _x 0_2)] n
b, \Jo2T 02by+202b, 2D2 2 \o2by+202b, D  2D?

2Dx , (X-DT\ by 2D? D%+02b, 2D? by o% by 2Jo?t [x-DT
esp ?F 2 [b_ 2p 2 2 “\,2 2 5b 2DZ B, 8 2
Jo2T 2 \0“by+20%b, 2D 0“by+204by/ 2b; 2D“ b, Db, Vo?T

Simplifying
G4—(X' T)
szz

_ 2D3b1 azb%+2D2b2 —_bz R—DT(1+ D )
" (02b3+2D2b3) expT( 2D2 )exp D F( Jo?T
_bap(RzDT D] ____a'tabd o 2XD o (x-DT

sz< )[DT X= 2D bz] 2D(62b%+2D2%b;)b; €XP~5 F( GzT)

202t X-DT
-5 e () 25)
From (13)
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G1 (Q,R,L) = (G4(R,L)-G4(R+Q,L))/Q

From (2)

Expected backorder cost at T+L, averaging over the states of y

= 1/Q (G4(R,L) — G4(R+Q,L)

And the expected backorder cost at t+L+T averaging over the states of y
=1/0 (GuR.L+T) ~Gu(R+QL+T))

Hence the expected backorder cost per year

G5(Q1R1T)

= 1/Q (G4(R,L+T) — G4(R,L) — G4(R+Q,L+T) + G4 (R+Q,L))

The traditional first derivatives of C are the derivatives of G4 (R, Z)
With respect to R and Z

Differentiating with respect to R

8G4(R-z) _  -2D?%b; (a2b§+202b2 bR)
R  (a2b3+2D2b3) 2D2 2

2
a bz 0'2b2
F R- Z(D+ ) 2D3b1 1 R—Z(D+T
2 T o2p3rapiph SXP T3 3
o2T (6“b3+2D*b%) 2 a?T
2p2 2p2
0°by+2D“b5z bR
ex ( 2 2 2

R-Dz (R-D2z2) 1 R-Dz
D2 - ) Dbiexp — ( r_azz) [ e —2 + E + —F( Tzz)
_2D? o*b1b, exp 2% 2DR R <R—Dz) 42 2by (R Dz

02 2D2(02b%+2D%b;)b; Jo? b,
o*byby __1(R-D, ey
2D2%(02b2+2D2b,)b, exp ( ) /V2ma*z
Simplifying
9G4(Rz) _ —2D%p, 02b2+2D%b,
aR (02b§+zp2b2) p[ ( 2D2 ) bzR]
R—Z(D+G bz) A R-D,
F(T (R Dz)exp — —( ) /N2ma?z

b R+DZ a2b2b 2DR ., (R+DZ
=F - ————exp—-F
by Voa2z by (02b5+2D%by) a? Jo?z

Differentiating with respect to Z

9G4(RZ) Db boR o2zb2
4_=_1€xp_(L_b2 — 2)
oz by 2D2

2
R Dz) /N2ma?z

(26)

(27)

(28)

http: // www.gjesrm.com (C) Global Journal of Engineering Science and Research Management

[10-18]



[Omorodion et al., 1(1): May, 2014] ISSN: 2349-4506

4
7& Global Journal of Engineering Science and Research Management

o'zb%
R— —DL
F| —2——
Jo?z
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